Quantum coherence in natural and artificial spin systems is fundamental to applications ranging from quantum information science to magnetic-resonance imaging and identification. Several multipulse control sequences targeting generalized noise models have been developed to extend coherence by dynamically decoupling a spin system from its noisy environment. In any particular implementation, however, the efficacy of these methods is sensitive to the specific frequency distribution of the noise, suggesting that these same pulse sequences could also be used to probe the noise spectrum directly. Here we demonstrate noise spectroscopy by means of dynamical decoupling using a superconducting qubit with energy-relaxation time T 1 = 12 µs. We first demonstrate that dynamical decoupling improves the coherence time T 2 in this system up to the T 2 = 2 T 1 limit (pure dephasing times exceeding 100 µs), and then leverage its filtering properties to probe the environmental noise over a frequency (f) range 0.2-20 MHz, observing a 1/f α distribution with α < 1. The characterization of environmental noise has broad utility for spin-resonance applications, enabling the design of optimized coherent-control methods, promoting device and materials engineering, and generally improving coherence.
D
ecoherence of a quantum superposition state in natural and artificial two-level spin systems arises from the interaction between the constituent system and the uncontrolled degrees of freedom in its environment. Within the standard BlochRedfield picture of two-level system dynamics, decoherence is characterized by two rates: a longitudinal relaxation rate Γ 1 = 1/T 1 due to the exchange of energy with the environment, and a transverse relaxation rate Γ 2 = Γ 1 /2 + Γ ϕ , which contains the pure dephasing rate Γ ϕ . Irreversible energy relaxation can only be mitigated by reducing the amount of environmental noise, by reducing the qubit's internal sensitivity to that noise, or through multiqubit encoding and error-correction protocols (which already presume ultralow error rates). In contrast, dephasing is in principle reversible and can be refocused dynamically through the application of coherent control-pulse methods.
Since the 1950s, several single-1 and multipulse 2-4 sequences have been developed within the field of nuclear magnetic resonance 4 and later extended to electron spin resonance. More recently, such dynamical-decoupling techniques have been applied to mitigate noise and extend coherence in qubits based on atomic ensembles [5] [6] [7] and single atoms 8 , spin ensembles 9 , semiconductor quantum dots 10, 11 and diamond nitrogen-vacancy centres 12, 13 . In most experimental [5] [6] [7] [8] [9] [10] [11] [12] [13] and theoretical [14] [15] [16] [17] [18] [19] [20] dynamical-decoupling works, the focus has been on using pulse sequences to minimize errors (that is, extend T 2 ) within an operating time τ such that τ T 2 , for example, to reach fault-tolerant error thresholds.
We extend multipulse dynamical decoupling to superconducting qubits 21 . However, our interest here is more general. Our goal is to measure the environmental noise spectrum 19, 22 , which we accomplish by monitoring the response of the spin to its environment, as mediated by dynamical-decoupling pulses, over a range of times that extends from the small-error limit (τ T 2 ) to the large-error limit (τ ∼ T 2 ). This should not be viewed as unique to our purpose; indeed, applications such as magnetic resonance imaging and sensing generally operate in the presence of large errors with variability from sample to sample such that there is probably no generally optimal pulse sequence 23 . In these cases, characterizing the noise-power spectral density (PSD) precisely would greatly facilitate the design of tailored pulse sequences 4, 14 that can reduce error rates, reduce the pulse number or power required to achieve a given error rate and otherwise engineer an improved measurement outcome.
In our test system, a superconducting (persistent-current) flux qubit 24, 25 , we carry out noise spectroscopy by dynamical decoupling over the wide frequency range 0.2-20 MHz: the obtained noise PSD is a 1/f α power-law with α ≈ 0.9. We independently confirm this noise PSD with that obtained from a Rabi-spectroscopy approach and, for completeness, characterize the high-frequency PSD over the range 5.4-21 GHz by monitoring the qubit's energyrelaxation rate 26 . The device (Fig. 1a, Supplementary Fig. S1 ) is an aluminium loop interrupted by four Al-AlO x -Al Josephson junctions. When an external magnetic flux Φ threading the loop is close to half a superconducting flux quantum Φ 0 /2, the diabatic states correspond to clockwise and anticlockwise persistent currents I p = 0.18 µA with energies ±hε/2 = ±I p Φ b , tunable by the flux bias Φ b = Φ − Φ 0 /2. At Φ b = 0, the degenerate persistent-current states hybridize with a strengthh∆ = h × 5.3662 GHz (Fig. 1b, Supplementary Fig. S2b ), 
Ramsey: whereh = h/2π and h is Planck's constant. The corresponding two-level Hamiltonian iŝ
which includes noise fluctuation terms δε and δ∆, andσ x,z are Pauli operators. The ground (|0 ) and excited (|1 ) states have frequency splitting ω 01 = √ ε 2 + ∆ 2 and are well isolated owing to the qubit's large anharmonicity, ω 12 /ω 01 ≈ 5. Noise and decoherence in superconducting qubits have been studied theoretically [27] [28] [29] [30] and experimentally 26, 29, 31 . In our qubit, the environmental noise leading to fluctuations δε (for example, flux noise) and δ∆ (for example, critical current and charge noise) physically couples to the qubit in the ε-∆ frame (equation (1)). However, their manifestation as longitudinal noise (dephasing) or transverse noise (energy relaxation) is tunable 29 by the flux bias Φ b and determined, respectively, by their projections δω z onto the qubit's quantization axisσ z (which makes an angle θ = arctan(ε/∆) withσ z ) and δω ⊥ onto the plane perpendicular toσ z .
The chip is mounted in a 3 He/ 4 He dilution refrigerator with 12 mK base temperature. For each experimental trial, we initialize the qubit by waiting sufficient time (∼ 1 ms) for it to relax to its ground state. We drive the desired quantum-state rotations of angle Θ by applying calibrated in-phase (X Θ ) and quadrature (Y Θ ) harmonic flux pulses to the qubit loop. The pulses consist of Gaussian envelopes with a typical standard deviation σ = 1.2 ns and truncated at ±3σ . The qubit readout has 79% visibility ( Supplementary Fig. S3 ) and is carried out in the energy basis by determining the switching probability P sw of a hysteretic dc SQUID, averaging over several thousand trials (see Supplementary Information C).
We begin with a spectroscopic characterization of our device in the absence of multipulse dynamical decoupling. The qubit level splitting ω 01 is measured through saturated frequency spectroscopy (Fig. 1b) , and at low power it exhibits a Lorentzian full-width-athalf-maximum linewidth f (FWHM) = 0.18 MHz at Φ b = 0 (Fig. 1c) . The energy relaxation is generally exponential and its time constant T 1 = 12±1 µs (Fig. 1d) is remarkably long among superconducting qubits 21 , about six times longer than a similarly designed and fabricated device 31 . We observe very long decay times at Φ b = 0 for the Hahn spin echo, T 2E = 23 µs (Fig. 1d) , Ramsey free induction, T * 2 = 2.5 µs (Fig. 1e ) and Rabi oscillations, T R = 13 µs (Fig. 1f) . The dephasing times decrease (rates increase) dramatically away from Φ b = 0 owing to the qubit's increased sensitivity |∂ω 01 /∂ε| to the dominant δε-noise (flux noise) in this system 31 . Furthermore, although the spin echo and Rabi oscillations exhibit an essentially T 1 -limited, exponential decay at Φ b = 0, in general their noisedependent decay functions are non-exponential, indicating noise sources with long correlation times, singular near ω ≈ 0 (for example, 1/f -type noise at low frequencies, relevant to dephasing).
The frequency distribution of the noise power for a noise source λ that leads to decoherence is characterized by its
. A superposition state's accumulated phase ϕ(t ) = ω 01 t + δϕ(t ) diffuses owing to adiabatic fluctuations of the transition frequency, δϕ(t ) = (∂ω 01 /∂λ) t 0 dt δλ(t ), where ∂ω 01 /∂λ is the qubit's longitudinal sensitivity to λ-noise. For noise generated by a large number of fluctuators that are weakly coupled to the qubit, the statistics are Gaussian. Ensemble averaging over all realizations of the stochastic process δλ(t ), the dephasing is exp
where τ is the free evolution time, N will denote the number of π-pulses in the pulse sequences 5, 17 and g N is a dimensionless weighting function defined in equation (3) .
The function g N (ω,τ ) can be viewed as a frequency-domain filter of the noise S λ (ω). Its filter properties depend on the number N and distribution of π-pulses 5, 6, 17, 19, 32 , from the π/2-pulses (X π/2 ) for CP and CPMG, respectively. b, The Nth UDD pulse (Y π ) has the relative position δ j = sin 2 (πj/(2N + 2)). c, CP(MG) (solid lines) and UDD (dashed) filter functions g N (ω,τ ), equation (3), for a total pulse-sequence length τ = 1 µs (identical for N = 0,1,2). d, Single-π-pulse (N = 1) filter function for various total pulse lengths τ . e, An illustration using the filter function g N (ω,τ ) to sample the noise PSD for a particular N and τ corresponding to an angular frequency ω . S(ω) is assumed constant within the filter's bandwidth B.
where δ j ∈ [0,1] is the normalized position of the centre of the jth π-pulse between the two π/2-pulses, τ is the total free-induction time and τ π is the length of each π-pulse 5, 6 , yielding a total sequence length τ + N τ π . As the number of pulses increases for fixed τ , the filter function's peak shifts to higher frequencies (Fig. 2c) , leading to a reduction in the net integrated noise (equation (2)) for 1/f α -type noise spectra with α > 0. Additionally, for a fixed time separation τ = τ /N (valid for N ≥ 1), the filter sharpens and asymptotically peaks at ω /2π = 1/2τ as more pulses are added. In principle, we can adapt the filter function to suit a particular noise spectrum through the choice of dynamical-decoupling protocol. Note that we have purposefully written g N (ω,τ ) as a band-pass filter ( Fig. 2c-e) , which we will effectively use to sample the environmental noise S λ (ω) by varying the number of pulses N and the total sequence time τ . This interpretation can be contrasted with several previous works 5, 6, [17] [18] [19] , in which the quantity (ωτ ) 2 g N (ω,τ ) was interpreted as a high-pass filter acting on a phase noise S λ (ω)/ω 2 (see Supplementary Information H). The effect of the band-pass filter function is clearly manifest in the Ramsey free-induction and Hahn spin-echo decay rates and their flux-bias dependence (Fig. 3a) , both of which are apparently consistent with Gaussian-distributed, 1/f -type noise 29 . Ramsey free induction, the free evolution of a superposition state for a time τ (Fig. 2a with no π-pulses) , has a filter function g 0 peaked at ω = 0 (Fig. 2c) and is sensitive to low-frequency longitudinal noise δω z (ω → 0). Inhomogeneities in the precession frequency ω 01 from one realization of the pulse sequence to the next lead to a decay of the averaged signal. Following convention, we denote such fluctuations 'quasi-static' noise and characterize them by a noise variance σ 2 λ ; see Table 1 . In contrast, the Hahn spin-echo sequence 1 , a single π-pulse applied at time τ /2 ( Fig. 2a with one π-pulse) , has a filter function g 1 peaked away from ω = 0 (Fig. 2c) and is less sensitive to quasi-static noise. We plot the decay rates 1/T e versus flux bias Φ b for Ramsey and echo data in Fig. 3a , where, for purposes of comparison amongst different decay envelopes, T e parameterizes the time T 2 to decay by a factor 1/e independent of the exact decay function. At Φ b = 0, δ∆-noise is the dominant longitudinal noise that limits the Ramsey decay, yet it is refocused with a single π-pulse resulting in the T 1 -limited exponential echo decay in Fig. 1d . As |Φ b | is increased, both the Ramsey and echo decay rates increase owing to the qubit's increased longitudinal sensitivity to δε-noise (see Fig. 3a , and Supplementary Information E and Fig. S4 ). The δε-noise becomes too large for the echo to refocus efficiently, owing to its high-frequency tail. We find best-fit phase-decay functions that are Gaussian, χ (τ ) = (Γ ϕ,F(E) τ ) 2 , and extract the ratio Γ ϕ,F (Φ b )/Γ ϕ,E (Φ b ) ≈ 4.5; both findings are as expected for 1/f noise 29 . The equivalent flux-noise amplitude 31 is A Φ = (1.7 µΦ 0 )
2 . Importantly, we note that, in this analysis and related works 29, 31 , the PSD was presumed a priori to take the form 1/f α with α = 1 and no detailed information regarding the actual noise frequency distribution is extracted.
Numerical simulations (see Supplementary Information F) , including the measured T 1 decay at each Φ b , linearly coupled and uncorrelated quasi-static noises, and uncorrelated dynamic 1/f noise from 10 4 to 10 10 Hz, reproduce the entire Φ b -dependence of T * 2 and T 2E using the parameters in Table 1 and are also consistent with equation (2) .
To extend the filter function to higher frequencies, we evaluated three different multipulse dynamical-decoupling protocols relevant for 1/f -type power-law noise spectra 15, 16, 20 . The CP and CPMG sequences 2,3 (after Carr, Purcell, Meiboom and Gill; Fig. 2a ) are multipulse extensions of the Hahn echo with equally spaced π-pulses whose phases differ from the initial π/2-pulse by 0
• (X π ) and 90
• (Y π ), respectively. The UDD sequence 17 (Uhrig dynamical decoupling; Fig. 2b) has Y π -pulse positions defined by δ j = sin 2 (πj/ (2N + 2) ) and, therefore, has a distinct filter function (Fig. 2c) .
In Fig. 3a , we include the 1/T e decay rates for CPMG dynamicaldecoupling sequences with N = 2 ... 48 π-pulses along with the Ramsey (N = 0) and Hahn-echo (N = 1) data already discussed. Although the qubit's sensitivity to δε (flux) noise grows with increasing |Φ b |, the decay rates monotonically improve towards the 1/2T 1 limit when the number of π-pulses increases, extending the range around Φ b = 0 for which pure dephasing is negligible. We explicitly demonstrate this improvement in detail for each N up to ε/2π = 400 MHz, corresponding to a change in qubit frequency of 15 MHz. The dynamical-decoupling method is not fundamentally limited to this range, however. For example, we observe a coherence improvement going from N = 1 to N = 2 π-pulses beyond ε/2π = 6.4 GHz, corresponding to a qubit frequency of ω 01 /2π > 8.4 GHz (see Supplementary Fig. S5 ). Although the coherence times generally decrease as |ε| is increased owing to the qubit's increased sensitivity to flux noise, the fractional improvement in coherence is essentially constant over the entire range. The echo-decay time T 2E remains considerably longer than the π-pulse time τ π , indicating that the refocusing remains efficient. At a specific flux bias Φ b = −0.4 mΦ 0 , where the qubit is highly sensitive to δε noise, the CPMG sequence gives a marked improvement in the decay time T e up to N ≈ 200 π-pulses, beyond which pulse errors begin to limit the CPMG efficiency (Fig. 3b) . We achieve a 50-fold enhancement of T CPMG 2 over the Ramsey T * 2 , and a well over 100-fold improvement in the Gaussian pure dephasing time T ϕ . The CPMG sequence performs about 5% better than UDD, indicating that the 1/f δε-noise spectrum exhibits a relatively soft (if any) high-frequency cutoff 19, 20 , because the UDD filter function has larger side-lobes at higher frequencies (Fig. 2c) . CPMG also dramatically outperforms CP, despite having the same filter function, as Y π -pulse errors appear only to fourth order with CPMG, whereas with CP X π errors accumulate to second order 33 . Given its superior performance mitigating noise, we in turn use the filtering property of the CPMG sequence to characterize the flux-noise (δε) spectrum. The filter g N (ω, τ ) is sufficiently narrow about ω that we can treat the noise as constant within its bandwidth B and approximate equation (2) (Fig. 2e) . We compute ω and B numerically for each N and τ used in the CPMG measurements of Fig. 3b . The measured decay function contains three decay rates: dephasing Γ (N ) ϕ and exponential relaxation Γ 1 /2 during the total free-evolution time τ , and pulse-induced decay Γ p during N τ π . Using a recursive method explained in detail in part I of Supplementary Information, we effectively divide out the Γ 1 and Γ p components from the raw data and compute the noise PSD S ε (ω) without presuming a functional form for the decay functions or the spectrum. This procedure yields a 1/f α -type PSD S ε (ω) over the region 0.2-20 MHz in Fig. 5 , with a slight increase in the measured PSD above 2 MHz. Interestingly, by fitting the lower-frequency, linear portion we find that the PSD is approximated by a 1/f α power law 34 with α ≈ 0.9 (solid, red line) and noise amplitude A Φ = (0.8µΦ 0 ) 2 . To check the noise-spectroscopy results we analysed the decoherence during driven evolution 29, 35 (see Supplementary Information J for details). A transverse driving field at frequency ω and drive strength Ω results in Rabi oscillations with angular nutation fre-
, where ω = ω−ω 01 . The noise at the Rabi frequency, Γ (λ) Ω = πS λ (Ω R ), along with T 1 relaxation, comprises the usual exponential Rabi-decay rate Noise parameters Coherence times and their improvement under dynamical decoupling at flux biases Φ b where δε and δ∆ noises dominate. Assuming that flux (Φ) and normalized critical current (ic = δIc/Ic) are responsible for all δε and δ∆ noise, respectively, we convert these noises to frequency noise by the sensitivities κε = ∂ε/∂Φ = 6.9 × 10 9 s −1 /mΦ 0 and κ ∆ = ∂∆/∂ic = 20 × 10 9 s −1 (see Supplementary  Information D) . We then describe the quasi-static, Gaussian noise distributions by their standard deviations, σ λ , obtained by integrating the noises S ε,∆ (ω) = κ 2 ε,∆ A Φ,ic /ω over the bandwidth given by the experimental protocol:
The cutoff ω λ low is given by the averaging time over all trials, typically 1 s for 1,000 averages at 1 kHz repetition rate, and ω λ high by the typical free-evolution time, τ = 1 µs, during a single trial. The noise strengths, A Φ,ic , are derived from the Ramsey and echo data, assuming a power law 1/f α=1 . These agree with previously reported values 31, 39 . At ε = 0, the dephasing improvement under a Hahn echo is greater than the theory would suggest; the lower ω ∆ high gives consistency. Simulations using these parameters yield agreement with the Ramsey-fringe and Hahn-echo data (see Supplementary  Information F) , and they are consistent with equation (2). 
The red line envelope is a fitting using ζ (t) and Γ R . The black line shows the Γ R decay only, and the green line the ζ (t)-envelope contribution. b, Rabi-decay rate Γ R versus flux detuning at Ω R /2π = 2 MHz, with a parabolic fit to equation (4) used to obtain
where cos 2 θ ≈ 1 as the quantization angle is small. In addition, accounting for the quasi-static noise with variance σ 2 ε (Table 1) , we obtain the decay function ζ (τ ) = (1 + (uτ )
2 ) −1/4 , where u = (ε/ω 01 ) 2 σ 2 ε /Ω. Figure 4a shows the combined decay function ζ (τ ) × exp(−Γ R τ ).
To determine S λ (Ω R ), we measured the Rabi oscillations versus Φ b with fixed Rabi frequency Ω R . For each Ω R , we find the ε-independent part of the rate by fitting the envelope of the oscillations at ε = 0. The rate Γ (∆) Ω was too small to distinguish accurately from Γ 1 , consistent with its correspondingly small quasistatic noise σ 2 ∆ (Table 1) . Then, for ε = 0, we divide out the known quasi-static contribution ζ (τ ) and fit to the parabolic term in equation (4), from which we obtain Γ (ε) Ω (Fig. 4b) . Using this approach, we find S ε (Ω) to be consistent with the 1/f α noise obtained from the CPMG measurements (Fig. 5) .
For completeness, we now turn to transverse noise at the qubit frequency ω 01 responsible for energy relaxation Γ 1 , that is, δε-noise at ε = 0 and δ∆-noise at ε ∆ (Fig. 5, inset ). In the low-temperature limit, k B T h ω 01 , where the environment cannot excite the qubit, the golden-rule expression for Γ 1 in a weakly damped quantum two-level system is
with ∂ω ⊥ /∂λ the qubit's sensitivity to transverse noise and S(ω 01 ) the total PSD (see Supplementary Information K).
We apply a long ( T 1 ) microwave pulse to saturate the transition and monitor the energy decay to the ground state, using equation (5) to determine S(ω 01 ) over the frequency range ∆ ≤ ω 01 ≤ 2π × 21 GHz by tuning Φ b . At Φ b = 0 (ω 01 = ∆) and using a measurement-repetition period t rep > 1 ms, we observe T 1 = 12 ± 1 µs as shown in Fig. 1d . As t rep becomes shorter than 1 ms, the decay becomes increasingly non-exponential, which we attribute to the residual presence of non-equilibrium quasiparticles Table 1 ). Solid, red line, Power-law dependence, generated by the switching SQUID during readout. We observe structure in the Γ 1 -data due to environmental modes (for example cavity modes, impedance resonances) with uncontrolled couplings to the qubit (Fig. 5 ). For comparison, we plot the expected JohnsonNyquist flux noise in Fig. 5 due to the G = 1/50 environment mutually coupled with strength M = 0.02 pH to the qubit through the microwave line,
This known noise source falls about 100 times below the measured PSD at f 01 = ∆/2π (red circle in Fig. 5 ) where the relaxation is due solely to δε-noise, indicating that the dominant source of energy relaxation lies elsewhere. Furthermore, the relaxation to a 300 electrical environment through the measurement d.c. SQUID as estimated using a spin-boson model for the measured SQUID junction asymmetry in our device (<1%) is more than 100 times longer than observed 36 . The crossover f c between the effective 1/f -and f -type flux noises (Fig. 5 ) occurs near k B T /h, where T = 50 mK is the approximate electronic temperature of our device 26, 37 . Interestingly, projecting the 1/f α (longitudinal) flux noise from the CPMG measurements to higher frequencies comes within a factor of two of the (transverse) flux noise at frequency ∆; admittedly, however, α is not necessarily constant over the whole frequency spectrum.
The dynamical-decoupling protocols used in this work to carry out noise spectroscopy are the same sequences as used ubiquitously in spin-resonance applications to mitigate errors. By using the filtering property of these sequences, we have shown that it is possible to characterize directly the environmental-noise PSD, which in turn enables the design of tailored coherent control methods that target the specific environmental noise. This is particularly useful to fields such as magnetic imaging and sensing, which tend to operate in the large-error limit and are noise limited. This technique can also bring clarity to the origin of the noise itself. Although speculative, we note for further study that the PSD power law obtained experimentally by the CPMG technique, when extended to higher frequencies, falls within a factor of two of the measured transverse noise, suggesting the possibility that the microscopic mechanism responsible for low-frequency dephasing may also play a role in high-frequency relaxation. In the low-error limit, integrating optimized refocusing pulses into qubit control sequences, for example, by forming composite gates that incorporate both quantum operations and refocusing pulses, may lead to lower net error rates in systems limited by dephasing 38 . Despite observing levels of 1/f flux and critical-current noise similar to those observed ubiquitously in superconducting qubits and SQUIDs 21, 39 , we could mitigate this noise dynamically to increase the pure dephasing times T ϕ beyond 0.1 ms, more than a factor of 10 4 longer than the intrinsic pulse length. However, despite having a remarkably long energy-relaxation time T 1 = 12 µs, the transverse relaxation T 2 ≈ 2T 1 was ultimately limited by it. Dynamical-decoupling protocols go a long way to refocusing existing levels of 1/f noise and achieve long coherence times, and the main emphasis is now on identifying and mitigating the noise source(s) that cause energy relaxation.
